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Abstract
In this article we show in some detail how the full action functional of the stan-
dard model of elementary particle physics can be described within the geometrical
setting of generalized Dirac operators. We thereby introduce a new model building
kit for (a certain class of) gauge invariant theories which provides a unified geomet-
rical description of Einstein’s theory of gravity and Yang-Mills gauge theories on
the ”classical” level. Moreover, when the gauge symmetry is spontaneously broken,
the Higgs sector as well has a natural geometrical interpretation. It turns out that
the Higgs field is related to the gravitational potential.
Since the full action functional of the standard model is derived in one stroke,
the appropriate parameters of the model have to satisfy certain relations similar to
those in the Connes-Lott approach. Likewise, this may yield some phenomenological
consequences, which is illustrated by using the gauge group of the standard model
in the case of N−generations of leptons and quarks.
PACS-92 04.50 Unified field theories and other theories of gravitation
11.15 Gauge field theories
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1 Introduction
In this article we propose a certain model building kit which permits derivation of the action
functional of the standard model of elementary particle physics with gravity including in terms
of generalized Dirac operators. For this we introduce the following geometrical data:
(G, ρ, D), (1)
where G denotes a real compact semi-simple Lie group, ρ its unitary representation on a N-
dimensional hermitian vector space V and D denotes a Dirac operator acting on sections into
a Clifford module bundle E :=S⊗E, such that E :=P×ρV . Here, S denotes the spinor bundle
over a closed compact orientable Riemannian spin manifold (M, g) without boundary and of
even dimension (2n>2); P is a G-principal bundle over M.
Having given the geometrical setting we propose the following functional
ID := (ψ, iDψ)Γ(E) + resζ( D−2n+2), (2)
Here, res denotes the Wodzicki residue; ζ is an element of the commutant defined by (G, ρ),
satisfying [ D, ζ ]=[χ, ζ ]=0, ζ >0, with χ the involution operator on E and ( , )Γ(E) denotes the
induced hermitian product on the C∞(M)−module Γ(E) of sections ψ into E . In our frame
this functional serves as a ”general action” functional.
Using this frame the main result of this paper may be summarized in the
Theorem:
There exists a natural generalization (1) of the Dirac-Yukawa operator of the standard model
such that the functional (2) is proportional to the full action of the standard model with gravity
including.
As a consequence we obtain certain relations between the parameters involved. Especially,
the mass of the Higgs field mh is a function of the fermion masses. In the most general case
the range for the electroweak angle θw reads:
0.25 ≤ sin2 θw ≤ 0.45 .
In the case where all irreducible subspaces of the fermion representation are equally weighted
we obtain the GUT preferred relations
sin2 θw = 3/8,
g(3) = g(2),
where, respectively, g(3) and g(2) are the strong and weak coupling constants. Of course, all
derived relations are expected to be scale dependent and thus the corresponding renormalization
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flux must be carefully taken into account. We stress that the corresponding hypercharges of the
particles involved in the model are fixed when the electrical charges are assumed to be known.
The model building kit as defined by the generalized Dirac operator (1) and the univer-
sal action (2) is motivated by the assumption that the basic objects in nature are fermions
and that their dynamics is described by Dirac’s equation. Then, the appropriate dynamics
of the various fields involved in the definition of the fermionic interactions should be a conse-
quence of the latter and not independent thereof. Mathematically, this may be rephrased as
follows: when fermions are geometrically described by sections into a twisted spinor bundle,
the most natural operator acting on those objects is a Dirac operator. A Dirac operator, how-
ever, is but a Clifford superconnection (i.e. a certain generalization of a connection) defined
by (homomorphism-valued) differential forms of various degrees. Then, fixing the admissible
fermionic interactions geometrically means to fix the admissible differential forms defining a
certain superconnection and thus a certain Dirac operator. The idea of the kit, proposed here,
is that the functionals leading to the field equations of the differential forms defining the Dirac
operator are not arbitrary but determined by this operator. As it turns out, this idea not only
permits a geometrical understanding of the Higgs action but also a new geometrical interpre-
tation of the Einstein-Hilbert and Yang-Mills functional (IEH , IYM). Indeed, from this point
of view the former occures - in a sense - as a natural ”companion” of the latter and both are
”consequences” of the fermionic interaction. In this (classical) description of particle physics
the a priori assumption of a flat spacetime seems artificial. To make this more clear, let us
assume we consider a ”free” fermion. From a geometrical viewpoint, such an object may be
considered as a section into a twisted spinor bundle, where now the twisting part is assumed to
posess a trivial connection. Nevertheless, the Clifford module bundle may be non-flat. Indeed,
the fermion carries energy and thereby produces a non-trivial gravitational field. Hence, the
corresponding spin connection is non-trivial in general. Of course, under ”normal” conditions
the energy of an elementary particle is so weak that the appropriate gravitational field cannot
be measured. From our point of view this simply means that in the particular case at hand
the energy-momentum tensor - defined by the Dirac action - is ignorable with respect to any
inertial frame and, therefore, spacetime becomes approximately flat. Though this is usually ac-
cepted by physicists the point here is that the functional ID fixes the energy-momentum tensor.
Consequently, in our approach a vanishing Einstein tensor a priori makes no sense. This can
strictly hold iff there are no fermions in the world (what ever such a world looks like!). Next,
let us consider the case when the fermion becomes massive. Then, the interaction with the
Higgs field must be taken into account. As it turns out, geometrically, the Higgs field defines a
certain connection on the Clifford module bundle where the fermions live in. The corresponding
curvature is non-zero, even in the case when the Higgs field represents a (classical) non-trivial
vaccum. Of course, since the energy-momentum of the Higgs field is non-zero, spacetime must
be curved as well. Note that this holds true even in the case when the world ”sits in the
(classical) vaccum”. We stress that in our scheme the Higgs field seems intimately related to
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gravity. Of course, we are only considering classical field theory and one may object that on
the level of elementary particles quantum theory has to be taken into account and then gravity
may look completely different than described by Einstein’s equation. However, as a ”first step”
towards a real understanding of the interplay between gravity and particle physics it might be
useful to have a unified geometrical description of all interactions on the level of the classical
field equations known so far.
Mathematically, it is evident that the action (2) is gauge invariant. Hence, our kit provides
a general scheme for building (a certain class of) gauge invariant theories. It therefore might
be worth remembering the input of a general Yang-Mills model and to compare both building
kits, correspondingly,. Here, we adopt the notation as given in [1].
The input of a general Yang-Mills model consists of the following data:
1. a finite dimensional real, compact Lie group G,
2. a unitary representation ρf = ρL ⊕ ρR on the Z2− graded hermitian vector space
Vf = VL ⊕VR of the left and right handed fermions,
3. a finite set of positive constants {g(k)} (the gauge coupling constants), parametrizing
the general Killing form of the Lie algebra G of G; the number of these constants is
defined as the number of simple components of G, including u(1) factors.
4. a unitary representation ρh on a hermitian vector space Vh of the Higgs field,
5. a G-invariant polynomial (Higgs potential) Vh
V−→R of order four, which is bounded
from below,
6. one complex constant (the Yukawa coupling constant) gy for every one dimensional
invariant subspace in the decomposition of the representation
(V∗L ⊗ VR ⊗ Vh)⊕ (V∗L ⊗VR ⊗ V∗h),
7. an action functional
I := IEH + IDirac + IY ukawa + IYM + IHiggs .
Usually, it is assumed that spacetime is flat, so that IEH is ignored. In particular, the standard
model is defined by
G := SU(3)× SU(2)×U(1) (3)
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with three coupling constants (g(3), g(2), g(1));
VL :=
3⊕
1
[(1, 2,−1/2)⊕ (3, 2, 1/6)] , (4)
VR :=
3⊕
1
[(1, 1,−1)⊕ (3, 1,−1/3)⊕ (3, 1, 2/3)] , (5)
where (n3, n2, n1) denote the tensor product, respectively, of an n3 dimensional representation
of SU(3), an n2 dimensional representation of SU(2) and a one dimensional representation of
U(1) with ”hypercharge” y: ρ(eiθ) := eiyθ, y ∈ Q, θ ∈ [0, 2π[;
V := λ(ϕϕ∗)2 − µ2ϕϕ∗ , (6)
with λ, µ > 0. There are 27 Yukawa coupling constants which, however, are not all indepen-
dent. In fact, the standard model can be parametrized by 18 constants, c.f. [2].
The full action functional (i.e. with gravity including) in the usual description of the stan-
dard model (N=3) reads
I := 1
16pi G
∫
M
∗rM (7)
+
∫
M
∗
(
ψ(l)
∗
iD(l)ψ
(l) + ψ(q)
∗
iD(q)ψ
(q)
)
(8)
−
∫
M
∗
( N∑
i,j=1
(g(l)y )ij ψ¯
(l)
Li
(γ5ϕ)ψ
(l)
Rj
+ (g(q)y )ij ψ¯
(u)
Li
(γ5ϕ)ψ
(u)
Rj
+
+ (g′(q)y )ij ψ¯
(d′)
Li
(γ5 ǫϕ¯)ψ
(d′)
Rj
)
+ comp. conj. (9)
+ 1
g2
(3)
∫
M
tr(C ∧ ∗C) + 1
g2
(2)
∫
M
tr(W ∧ ∗W) + 1
2g2
(1)
∫
M
B ∧ ∗B (10)
+
∫
M
tr( (∇ϕ)∗ ∧ ∗(∇ϕ) ) +
∫
M
∗V (11)
≡ IEH + IDirac + IY ukawa + IYM + IHiggs. (12)
The traces in the definition of the Yang-Mills action (10) are taken with respect to the corre-
sponding fundamental representations of SU(3) and SU(2). Note thatM denotes a Riemannian
manifold, which explains the occurence of the apparently wrong relative sign in front of the
Higgs potential and the occurence of γ5 in the Yukawa coupling term (9).
In contrast to a general Yang-Mills model our proposed kit (1) - (2) has the following input:
1. a finite dimensional real, compact Lie group G,
2. a unitary representation ρ = ρL ⊕ ρR on the Z2− graded hermitian vector space
V = VL ⊕VR of the left and right handed fermions,
4
3. a Dirac operator D,
4. the general functional: ID.
Like in the ”non-commutative approach” as introduced by Connes and Lott (c.f. [3], [4]),
the Higgs representation is not arbitrary but has to lie within the fermionic representation,
symbolically: ρh ⊂ ρf . In fact, this has significant consequences with respect to the relations
between the various parameters involved in the model. Hence it might not be come as a surprise
that there are certain similarities between the Connes-Lott model and the model introduced
here in this respect (see below). Of course, the mathematical background is quite different.
We mention that with respect to our physical interpretation it is quite natural that all fields
involved in the model carry the same representation.
Concerning the standard model, the Dirac operator D ≡ D˜φ is defined by a generalization
of the Dirac-Yukawa operator Dφ. It is well-known that the Yukawa coupling (9) together
with the (standard) Dirac operator D defining (8) can be considered as a new Dirac operator
Dφ - the Dirac-Yukawa operator. The main feature, then, is that this Dirac operator is a
”non-standard” Dirac operator (i.e. not associated with a Clifford connection, see below). In
fact, such Dirac operators will play a key role in our geometrical description of the standard
model. Correspondingly, we shall discuss those operators in some detail in the first part of
our paper, which is totally concerned with the mathematical frame of our model. Though the
larger portion of part 1 is actually not new and may be found in much more detail, e.g., in
[11] we nevertheless summarize the basic mathematical notions in order for our paper to be
self-contained and to permit full understanding of the issue also for those who are not familiar
with the notion of non-standard Dirac operators. Also, we have emphazised the relations
between non-standard Dirac operators and connections on a (general) Clifford module bundle.
This is of technical significance and, moreover, explains how the Higgs field yields a certain
connection on a Clifford module bundle. In part two we introduce a certain generalization
of the Dirac-Yukawa operator and prove our main theorem. Moreover, we also investigate the
”phenomenological” concequences of our scheme with respect to the standard model. Finally,
we mention some similarities to the Connes-Lott model (c.f. [3], [4] and, concerning the new
approach, [9], [13]). We conclude this paper with an outlook.
Before we start to describe the mathematical frame of our model building kit, however,
some remarks concerning its similarity to the Connes-Lott approach to the standard model
seem appropriate. Obviously, our notion of a generalized Dirac operator, as defined by (1), is
similar to Connes’ notion of a ”spectral triple”. Needless to say that the latter notion is more
profound, mathematically, since it offers the possibility of ”new mathematics”, like Connes’
non-commutative geometry, c.f. [4]. Also, the idea to derive specific functionals, such as in the
case of the standard model of particle physics, from a ”universal functional” must go back to
Connes. For example, in the Connes-Lott approach to the standard model the Dixmier trace
serves as the general action functional, c.f. [4], [3]. In a sense this trace can be considered as a
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special case of the more general Wodzicki residue. Unfortunately, using the Dixmier trace as the
universal action functional it seems hard to derive both the Einstein-Hilbert and the Yang-Mills
(-Higgs) action in one stroke (for the pure EH-functional see [6]). Infact, in the Connes-Lott
description of the standard model the geometric information contained in the Dirac operator
is lost. But as Connes has remarked the Wodzicki residue of D−2n+2 with D a Standard Dirac
operator (see below) becomes proportional to the Einstein-Hilbert action of gravity, c.f. [5].
However, this time the geometrical information contained in the Yang-Mills potential is lost.
This follows immediately from D being a Standard Dirac operator (see below). As a natural
question one may ask whether it is possible to derive the full action functional (EHYMH-
action) by considering ”non-standard” Dirac-operators. In [10] this has been investigated and
affirmatively answered in the case of the Einstein-Hilbert-Yang-Mills functional . In the case
of the full action of the standard model and with gravity included the above question was
investigated in [21]. However, in this work there is a mistake. Infact, the definition of the
Dirac-Yukawa operator is wrong and as a consequence the derived functional does not coincide
with the action functional of the standard model. As we shall show in the paper at hand,
however, by using the right definition of the Dirac-Yukawa operator the properly corrected
generalized Dirac-Yukawa operator proposed in [21] is but a special case of the generalized
Dirac-Yukawa operator introduced in part two of our paper and which infact gives rise to the
full action of the standard model. Though the basic idea of our kit is already introduced in
[21], and which indeed affirmatively answers the above mentioned question, the scheme in [21],
however, is still not general enough to discuss physical implications of the proposed model
building kit. This is because in [21] neither the considered Dirac operator - even if properly
corrected - nor the proposed universal action functional is general enough. Both has been
remedied in this article.
2 Part 1: The mathematical frame
The geometrical setting which we propose in order to describe gauge theories is that of a Clif-
ford module bundle (E , c) over a Riemannian manifold (M, g) of even dimension. Within this
setting there exists a distinguished class of operators called generalized Dirac operators2. We
therefore start with a brief review on the notion of Clifford modules and generalized Dirac
operators. More details of this issue can be found, e.g., in [11]. Afterwards we shall discuss
in some length how a given generalized Dirac operator (1) determines a particular functional
ID(∇E , ψ), using (2).
To get started, let us denote by (M, g) a smooth, closed compact Riemannian (spin) man-
ifold without boundary and of even dimension: dim(M) ≡ m := 2n(> 2). Moreover, let
2In the following, the term ”generalized” simply means ”non-standard”, though by a generalized Dirac
operator we actually mean the triple (G, ρ, D), with D a (non-standard) Dirac operator.
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E := E+⊕ E− be (the total space of) a Z2−graded hermitian vector bundle E pi−→M over
M. The corresponding hermitian product on E is indicated by ( , )E . If Γ(E) denotes the
C∞(M)−module of smooth sections into E , then the induced hermitan product ( , )Γ(E) on
Γ(E) is given by: ( , )Γ(E) :=
∫
M ∗( , )E . Here, ”∗” means the Hodge map regarding the Rie-
mannian metric g on M.
Definition 1: A generalized Dirac operator D is any odd first order differential operator acting
on sections ψ ∈ Γ(E):
D : Γ(E±)→ Γ(E∓), (13)
so that D2 is a generalized Laplacian. I.e., there exists a connection: Γ(E) ∇ˆE−→Γ(T ∗M⊗E) on
the vector bundle E and an endomorphism F ∈ Γ(End(E)), both uniquely defined by D, such
that
D2 = △∇ˆE + F . (14)
Here, △∇ˆE :=−evg(∇ˆT ∗M⊗E ∇ˆE) denotes the horizontal (Bochner) Laplacian associated with the
connection ∇ˆE , and ”evg” means the evaluation map regarding the metric g.
Remark 1: D exists on E iff E denotes a Clifford module bundle over (M, g). I.e. there exists
a graded (left) action on E
c : C(M)× E → E (15)
of the Clifford bundle C(M) τ−→M associated with the metric g 3. This holds because in case
that D denotes a generalized Dirac operator, this operator induces via
C(M)× E → E
(df, ψ) 7→ c(df)ψ := [D, f ]ψ, f ∈ C∞(M) (16)
a graded left action of the Clifford bundle on E , c.f. [11]. Conversely, if (E , c) denotes a Clifford
module bundle over (M, g), then the well-known construction
Γ(E) ∇E−→Γ(T ∗M⊗E) →֒ Γ(C(M)⊗ E) c−→Γ(E) (17)
defines an operator D∇E :=c(∇E ) satisfying (13) and (14) for any connection ∇E on E . More-
over, it is easily checked that such a defined operator also fulfils (16).
Hence, from now on E ≡ (E , c) will always denote a Clifford module bundle over M ≡
(M, g). As a consequence, the endomorphism bundle End(E) is also a Clifford module and it
follows that (c.f. [11])
End(E) ≃ C(M)⊗ EndCl(E), (18)
3Here, the fiber τ−1(x) is isomorphic to the Clifford algebra generated by the elements u, v ∈ T ∗xM,
using the relation: uv + vu :=−2gx(u, v), ∀x∈M.
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where EndCl(E) denotes the algebra bundle of bundle endomorphisms of E supercommuting
with the action of C(M), i.e.
EndCl(E) := {σ ∈ End(E) | |[c(a), σ]| = 0, ∀ a ∈ C(M)}. (19)
If in additionM is assumed to be a spin manifold we have: C(M)
C
≃ End(S) and correspond-
ingly EndCl(E) ≃ End(E), where S denotes the spinor bundle and E a vector bundle over M.
In this case E is called a twisted spinor bundle over M and we have (c.f. [11])
E ≃ S⊗ E. (20)
We say that the Clifford module bundle (E , c) has a twisting graduation if EndCl(E) posesses
a (non- trivial) Z2−graduation, cf. [10]. Clearly, in the case of (20) this is equivalent to saying
that the vector bundle E = EL ⊕ ER is Z2−graded, as well.
Definition 2: Let D˜ be a generalized Dirac operator on E . It is said to be compatible with
the Clifford action c if it satisfies the relation (16). Then, let
D(E) := { D˜ | [ D˜, f ] = c(df), ∀ f ∈ C∞(M)} (21)
be the set of all generalized Dirac operators on E which are compatible with the Cifford action
c. We have4
D(E) ≃ Ωo(M,End−(E)). (22)
Also, let us denote by
A(E) := {∇E | Γ(E) ∇E−→Γ(T ∗M⊗E) } (23)
the set of all (even) connections on E .
As a consequence of (18), there exists a natural class of connections - called Clifford con-
nections - on any Clifford module bundle E :
ACl(E) := {∇E ∈ A(E) | [∇E , c(a)] = c(∇Cla), ∀ a ∈ Γ(C(M)) } ⊂ A(E), (24)
where ∇Cl is the induced Levi-Cevita connection on C(M). Note, in the case of a twisted
spinor bundle (20) any Clifford connection ∇E ∈ ACl(E) takes the form of a tensor product
connection (c.f. [11])
∇E ≡ ∇S⊗E := ∇S ⊗ 1E + 1S ⊗∇E, (25)
4Since the bundle E = E+⊕ E− is Z2−graded, so is the associated endomorphism bundle End(E).
I.e. End(E)=End+(E)⊕End−(E), with End+(E) :=End(E+)⊕End(E−) and End−(E) :=Hom(E+, E−)⊕
Hom(E−, E+).
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where, respectively, ∇S denotes the spin connection on S and ∇E any connection on the vector
bundle E. In general we have
A(E) ≃ Ω1(M,End+(E)),
ACl(E) ≃ Ω1(M,End+Cl(E)), (26)
where the latter isomorphism follows from (18).
Remark 2: Using the linear isomorphism:
ΛT ∗M c−→ C(M)
ei1∧ei2 · · · ∧eik 7→ ei1ei2 · · · eik , ∀ 0 ≤ k ≤ m, (27)
between the Grassmann- and the Clifford bundle, where {ei}1≤i≤m denotes a local orthonormal
basis in T ∗M and Clifford multiplication is indicated by juxtaposition, the Clifford action c
induces a linear mapping, also denoted by c,
Ωp(M,End±(E)) c−→ Ωo(M,End∓(E))
α 7→ c(α). (28)
Lemma 1: In the case of p = 1 the linear mapping (28) has a canonical right inverse defined
by
δξ : Ω
p(M,End∓(E)) → Ωp+1(M,End±(E))
α 7→ ξ ∧ α, (29)
where ξ ∈ Ω1(M,End−(E)) is locally given by5
ξ := − 1
m
g(ea, eb) e
a⊗ c(eb)⊗ 1EndCl(E). (30)
The product in (29) simply means: (σ⊗a)∧(σ′⊗a′) :=σ∧σ′⊗aa′ for all homogeneous elements
σ ⊗ a, σ′ ⊗ a′ ∈ Ω∗(M,End(E)) ≃ Γ(ΛT ∗M⊗End(E)); Again, {ea}1≤a≤m is a basis in T ∗M
and {ea}1≤a≤m its dual. Note that this ”wedge product” is not graded commutative and that
Ω∗(M,End(E)) is a bi-graded algebra. The map (29) is even with respect to the total grading.
Proof: Obviously, this follows by construction.
Remark 3: The form ξ, locally defined by (30), can be characterized via
∇T ∗M⊗End(E)ξ ≡ 0, ∀ ∇E ∈ ACl(E),
5Throughout this paper we adopt Einstein’s convention for summation.
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c(ξ) = 1E . (31)
Lemma 2: Let c be the linear mapping (28) restricted to Ω1(M,End+(E)). Then we have
D(E) ≃ A(E)/ ker(c). (32)
Proof: For p := δξc : Ω
1(M,End+(E))→ Ω1(M,End+(E)) we get p2 = p and thus
Ω1(M,End+(E)) = im(p)⊕ im(q), (33)
with q := 1− p. Restricting the linear mapping (28) to Ω1(M,End+(E)) yields the identities
pc ≡ p,
cp ≡ c. (34)
Since δξ is a right inverse of c we have: ker(c) ⊂ im(q). Moreover, for all α∈ im(p) with c(α) = 0
(34) implies α ≡ 0. Hence
ker(c) = im(q). (35)
The statement follows from
A(E) ≃ Ω1(M,End+(E)) c−→Ωo(M,End−(E)) ≃ D(E) (36)
and we are done.
Note that actually we have shown that the sequence:
0→ ker(c)→ Ω1(M,End+E) c−→Ωo(M,End−E)→ 0
is exact and splits. Also, in this case the kernel of the mapping (28) becomes explicit.
Definition 3: Two connections ∇E , ∇˜E ∈A(E) are defined to be equivalent iff
∇E − ∇˜E ∈ ker(c). (37)
By the preceding Lemma this is equivalent to
∇E ∼ ∇˜E ⇐⇒ ∇˜E = ∇E + ω,
ω ∈ im(q) ⊂ Ω1(M,End+(E)). (38)
Therefore, any Dirac operator D ∈ D(E) is uniquely associated with an equivalence class of
connections [∇E ] on E so that D∇E = D.
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Remark 4: Let D˜∈D(E) be a given Dirac operator on E . Then,
∇˜E := ∇E + δξ( D˜− D∇E ) (39)
defines a connection on E , so that
D∇˜E = D˜, (40)
where ∇E ∈ A(E) denotes any connection on E . Clearly, this ambiguity simply reflects that
D(E) is an affine space and thus a given Dirac operator D˜ ∈ D(E) may be decomposed in
infinitely many ways like
D˜ = D + ΦD (41)
with ΦD := D˜− D∈Ωo(M,End−(E)).
Definition 4: We call a Dirac operator D∈D(E) a Standard Dirac operator (SDO) if there is
a Clifford connection ∇E ∈ACl(E), so that
D = D∇E . (42)
Lemma 3: Let ∇E , ∇˜E ∈ ACl(E) be Clifford connections on the Clifford module bundle E
with ∇E ∼ ∇˜E . Then we have: ∇E ≡ ∇˜E .
Proof: Using (38), ∇E , ∇˜E ∈ACl(E) implies that there exists a ω := ∇E − ∇˜E =1Cl ⊗ A with
A∈Ω1(M,End+Cl(E)). By assumption, we have
c(ω) = c(eµ)⊗ Aµ
= 0, (43)
where {eµ}1≤µ≤m is a local orthonormal frame. Hence, Aµ=0, ∀µ=1, · · · , m which proves the
lemma.
We therefore have shown that the class of connections defining a SDO on E admits a
canonical representative. In what follows we shall always denote by D∈D(E) a SDO and by
∇E ∈ACl(E) the appropriate Clifford connection, so that D= D∇. In contrast, by D˜∈D(E)
and ∇˜E ∈A(E), respectively, we denote an arbitrary Dirac operator and connection on E .
Let D˜∈D(E) be an arbitrary Dirac operator on the Clifford module bundle E and let
∇˜E := ∇E + δξ( D˜−D) (44)
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Then, in [10] it is shown that (see also [14])
D˜
2
= △∇ˆE + F ∇˜E . (45)
Here, respectively, the connection ∇ˆ ∈ A(E) and the endomorphism F ∇˜E ∈ Γ(End(E)) are
defined by
∇ˆE := ∇˜E + ω∇˜E and (46)
F ∇˜E := c
(
∇˜E 2
)
+ evg
(
∇˜T ∗M⊗End(E)ω∇˜E + ω2∇˜E
)
, (47)
where the one form ω∇˜E ∈Ω1(M,End+(E)) is locally given by
ω∇˜E := −
1
2
g(eµ, eν) e
µ ⊗ c(eλ)
(
[ ∇˜Eλ, c(eν)] + Γνσλ c(eσ)
)
. (48)
The Γ’s denote the Christoffel symbols defined by the metric g.
Lemma 4: The endomorphism F ∇˜E defined in (47) is independent of the representative
∇˜E ∈A(E) of the class of connections defining the Dirac operator D˜.
Proof: To prove this lemma we introduce the affine mapping
̟ : A(E) → A(E)
∇˜E 7→ ∇˜E + ω∇˜E (49)
on A(E) and show that this mapping is well-defined on A(E)/ ker(c). Let [ ∇˜E ] be the equiva-
lence class of connections defining the given Dirac operator D˜∈D(E) and denote by ∇˜E , ∇˜′E ∈
[ ∇˜E ] two representatives of this class. Hence, α := ∇˜E − ∇˜′E ∈ ker(c) and with respect to a
local orthonormal frame we obtain
∇ˆE − ∇ˆ′E = α− 1
2
δµν e
µ ⊗ c(eλ) [iλα, c(eν)] (50)
=
1
2
δµν e
µ ⊗ [c(α), c(eν)]+ (51)
= 0, (52)
where iµ is the inner derivative with respect to the local vector field eµ and [ , ]+ means the
anti-commutator. Consequently, the map: D˜ 7→ △∇ˆE , with ∇ˆE given by (46), is well-defined.
Hence the endomorphism F ∇˜E = D˜2−△∇ˆE only depends on the Dirac operator D˜∈D(E) which
proves the lemma.
Corollary 1: The endomorphism F ∇˜E ∈Γ(End(E)) does not depend on the decomposition (44).
In particular, it does not depend on the chosen Clifford connection ∇E .
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Proof: By the preceding lemma 4 the proof is obvious.
Remark 5: The corresponding linear part of the affine map (49) has a non-trivial kernel;
especially we get
̟|ACl(E) = 1ACl(E). (53)
In this case the decomposition of the square of the appropriate SDO is but the usual Lich-
nerowicz formula and the endomorphism F takes its well-known form
F∇E = c[(∇E )2] (54)
= 1
4
rM 1E + c(F E/S), (55)
where rM is the Ricci scalar curvature on the base manifold M and F E/S := (∇E)2 − (∇Cl)2⊗
1EndCl(E) denotes the relative curvature on the Clifford module bundle E . Since in this particular
case the relative curvature only depends on the connection on the twisting part of the Clifford
module bundle E , F E/S is also called the twisting curvature.
We now turn to the notion of superconnections which can be considered as a generalization
of connections on a Z2−graded vector bundle. As it is well-known superconnections permit to
generalize the one two one correspondence between SDO and Clifford connections to arbitrary
Dirac operators and Clifford superconnections on a Clifford module bundle. Hence, there is no
essential difference between talking about Dirac operators and Clifford superconnections. We
therefore call into mind the following
Definition 5: A superconnection on a Z2−graded vector bundle E is any odd first order
differential operator6
∇ E : [Ω∗(M, E)]± → [Ω∗(M, E)]∓ , (56)
satisfying the generalized Leibniz rule
∇ E(λ ∧ α) = dλ ∧ α + (−1)|α| α ∧ ∇ Eα, (57)
for all λ∈Ω∗(M) and α∈Ω∗(M, E). If in addition E denotes a Clifford module bundle and the
superconnection fulfils
[∇ E , c(a)] = c(∇Cla), ∀ a ∈ Γ(C(M)), (58)
it is called a Clifford superconnection (CSC), c.f. [11]. In this case we have (c.f. loc. cit.)
∇ E 7→ D∇ E := c(∇ E) (59)
6Here, ± is understood with respect to the total grading.
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is one to one7. Note that because of the generalized Leibniz rule any superconnection locally
takes the form
∇ E = d +
m∑
k=0
A[k],
A[k] ∈
[
Ωk(M,End(E))
]−
. (60)
In particular, in the case of a CSC
A[1] = ωCl ⊗ 1EndCl(E) + 1Cl ⊗A
A[k] =
∑
1≤i1<···<ik≤m
ei1 ∧ · · · ∧ eik ⊗ 1Cl ⊗Bi1···ik , ∀ k = 0, 2, · · · , m (61)
where ωCl denotes the induced Levi-Civita form on the Clifford bundle C(M) and A,B ∈
[Ω∗ (M,EndCl(E))]−. Again, {ei}1≤i≤m is a local orthonormal frame in T ∗M. Moreover, if M
denotes a spin-manifold, then any CSC is of the form (c.f. [11])
∇ E = ∇S ⊗ 1E + 1S ⊗∇ E. (62)
Clearly, the notion of a CSC completely parallels that of a Clifford connection and coincides
with the latter iff B ≡ 0. However, in general a CSC is not just defined by an element of
Ω1
(
M,End+Cl(E)
)
. This will be of crucial importance in what follows. Indeed, in [10] it
was shown how the combined Einstein-Hilbert-Yang-Mills (EHYM-) action functional can be
derived using non-SDO’s. Before we define a particular functional on D(E) we still give another
Remark 6: Let D˜∈D(E) be a Dirac operator on E and ∇ E the corresponding CSC. Then,
we have
∇˜′E := ∇E + ω, with (63)
ω := ωφ + e
i ⊗

m−1∑
k=1
1
k!
m∑
i1,···,ik=1
c(ei1) · · · c(eik)⊗Bi i1···ik

 , (64)
where ωφ :=δξΦ, Φ≡A[0]∈Ωo(M,End−(E)), so that
D∇˜′E = D˜. (65)
In particular, ∇˜′E ∼ ∇˜E , where the latter is defined by (44). Note, the local decomposition of
the form ω∈Ω1(M,End+(E)) may also contain a degree [k] = 1 form.
After summarizing the notion of Clifford modules and generalized Dirac operators we have
also proved some lemmas, which permit an understanding of the relations between Dirac oper-
ators and connections on a Clifford module bundle. The reason to clarify these relations mainly
7Note, by abuse of notation we suppress the linear isomorphism (27).
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is motivated by the following
Definition 6: Let (M, g) be a closed, compact, orientable Riemannian manifold of even
dimension (m = 2n > 2) and without boundary. Also, let (E , c) be a Clifford module bundle
over M and let D(E) be the affine space of all (generalized) Dirac operators compatible with
the Clifford action c on E . Then, we introduce the functional
res : D(E) → C
D˜ 7→ res( D˜−2n+2). (66)
Here, res means the Wodzicki residue, which in this case takes the explicit form (cf. [15], [16],
[17], [18])
res( D˜
−2n+2
) = 2
Γ(n−1)
∫
M
∗trE
[
1
6
rM −F ∇˜E
]
(67)
and where the endomorphism F ∇˜E ∈Γ(End(E)) is given by (47).
Since there exists a connection ∇˜E ∈ A(E) for every D˜ ∈ D(E), so that D˜ = D˜∇˜E , this
functional may be interpreted, alternatively, as a functional defined on A(E). However, we
are interested less in the functional (66) itself than in the fact that for a given Dirac operator
D˜∈D(E) the Wodzicki residue of D˜−2n+2 can be considered as a functional
I ′D(∇˜E) := res( D˜
−2n+2
), (68)
of all connections ∇˜E ∈A(E) so that c(∇˜E) = D˜. In other words: with respect to a given Dirac
operator (68) can be considered as a certain functional on the subspace of all (endomorphism
valued) differential forms defining this Dirac operator. In the case that D˜ denotes a SDO the
functional (68) is proportional to the Einstein-Hilbert action. We again stress that this was
recognized by Connes, c.f. [5] and was proved in [19]. From a more general point of view
(see below) this was also discovered in [18], which in turn was the starting point to deal with
non-SDO’s in [20] and [10].
There is still another motivation for (68); the connection of (68) to the heat trace associated
with (the square of) a Dirac operator. For this let us remind that there is a natural functional
on D(E)
D(E) → C
D˜ 7→ Tr e−τ D˜2 . (69)
Though in general one is not able to calculate this functional, it is well-known that it has an
asymptotic expansion:
Tr e−τ D˜
2 ∼ (4πτ)−n∑
k≥0
τ (k−2n)/2σk( D˜
2), (70)
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where the coefficients (Seeley-DeWitt coefficients)
σk( D˜
2) :=
∫
M
∗trE σk(x; D˜2) (71)
are known to contain geometric information. In particular, the subleading term σ2( D˜
2) is of
the general form (c.f. [22]):
σ2( D˜
2
) =
∫
M
∗trE
[
1
6
rM − F
]
(72)
and thus is proportional to (66). Of course, this is by no means accidental. In general, for all
(2n−k)/2 /∈Z (M smooth) one has ( c.f. [16])
σk( D˜
2
) = Γ((2n−k)/2)
2
res( D˜
−2n+k
). (73)
From this point of view the statement of our main theorem (as given in the introduction)
may be rephrased as follows:
There exists a Hamiltonian (generalized Laplacian) H such that the subleading term in
the asymptotic expansion of the corresponding heat trace associated with this Hamiltonian
is proportional to the classical bosonic action of the standard model with gravity including.
Moreover, this Hamiltonian has a square root, H= D˜2, which gives rise also to the fermionic
action of the standard model.
In what follows we assume thatM denotes a spin manifold8. Although this is not necessary,
since we are only interested in local objects (densities), it simplifies notation. Consequently,
the (total space of the) Clifford module bundle globally takes the form: E =S ⊗ E. To get in
touch with gauge theory we assume that E denotes an associated (hermitian) vector bundle:
E=P ×ρ V , where P is a G-principal bundle overM and ρ :G→ V is a unitary representation
of the (real, compact and semi-simple) Lie-group G on a hermitian vector space V . By G we
denote the corresponding Lie-algebra of G and by ρ′ the induced representation of G on End(V ).
Consequently, any connection form A on E takes its values in ρ′(G) ⊂ End(V ). This offers the
possibility of defining the slightly more general functional9,
ID(∇E) := resζ( D˜−2n+2)
≡ res
(
(ζ D˜
2
)−n+1
)
. (74)
Here, ζ ∈ Γ(End(E)) denotes an element of the commutant defined by (G, ρ). More pre-
cisely. Let us recall the simple fact that any section s ∈ Γ(E) in an associated vector bundle
E = P ×ρ V uniquely corresponds to an equivariant section s¯ ∈ Γaq(P,V). Here, equivariant
means: s¯(pg)=ρ−1(g)s¯(p), ∀ g∈G, p∈P. We then have the following
8Indeed, it is widely believed by physicists that fermions are geometrically described by spinors.
9That this functional actually is more adequate than (68) becomes clear when discussing the physical
implications of the proposed model, c.f. part 2.
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Definition 7: For a given generalized Dirac operator, consisting of the triple
(G, ρ, D˜) (75)
with D˜∈D(E), let us denote by z¯∈Γaq(P,End(V)) an element of the commutant
Cρ(G) := {a ∈ End(V) | [ρ(g), a] = 0, ∀ g∈G } (76)
and by z ∈ Γ(End(E)) its corresponding section in the endomorphism bundle associated with
E10. Since End(S) is simple, this generalizes to End(E) via ζ :=1S⊗z. We impose the following
three conditions on ζ : it is a positive operator (ζ > 0) and satisfies [ D˜, ζ ] = [χ, ζ ] = 0, where
χ ∈ Γ(End(E)) denotes the grading operator on E=E+⊕E−.
Lemma 5: As a consequence, ζα has a constant spectrum (i.e. it is independent of x ∈M)
and the operator: ζαD2 is elliptic for any power α∈R. Using this, we obtain
resζ( D˜
−2n+2
) = 2
Γ(n−1)
∫
M
∗trE
(
ζσ2(x; D˜
2)
)
. (77)
Proof: Let us denote by specζ(x)={λ1 · · ·λk}|x, x∈M the spectrum of the positive operator
ζ ∈Γ(End(E)). Here, k indicates the number of distinct eigenvalues of ζ . We first prove that
the spectrum is independent of x∈M.
Since z ∈ Cρ(G) this section is gauge invariant. I.e. for all gauge transformations f ∈
Γeq(Aut(P)) ≃ Γ(P×adG) of P we have: f ∗z = z. Hence, it is sufficient to consider a local
situation. Using the fact that locally, any Dirac operator D˜∈D(E) may be written as
D˜ = c( d) +
m∑
j=0
c(A[j]) (78)
it follows that [ D˜, ζ ] = 0 is equivalent to
[
c(A[j]), ζ
]
= 0, ∀j = 0, 2, · · · , m ,
c( dζ) = −
[
c(A[1]), ζ
]
. (79)
However, the latter implies: dz=0. Indeed, A[1]=ωS⊗1E+1S⊗A, A∈Ω1(M, ρ′(G)) and thus
[A, z]=0. Consequently, ζ must be constant, which yields the first assertion.
Since the spectrum of z is constant we get11
E = ⊕kj=1ker(z − λj)
=: ⊕kj=1Ej . (80)
10In the following we shall not distinguish between s and s¯.
11I like to thank M. Lesch for explaining me this calculation.
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Hence,
ζ = ⊕kj=1λj1Ej ,
D = ⊕kj=1Dj, (81)
where D˜j is the restriction of D˜ to Ej :=S⊗ Ej . Consequently, we end up with
ζ D˜
2
= ⊕kj=1λj D˜
2
j , (82)
which implies
Tr e−τζ D˜
2
=
k∑
j=1
Tr e−τλj D˜
2
j
∼ ∑
l≥0
k∑
j=1
τ
(l−m)
2 λ
(l−m)
2
j
∫
M
∗trEj σl(x, D˜2j ), (83)
and thus proves the lemma, when ζ is replaced by ζ−n+1.
Since we now have fixed the mathematical frame we conclude this part by summarizing the
proposed model building kit as follows: Let
(G, ρ, D˜) (84)
be a given generalized Dirac operator defined on a Clifford module bundle E . Then, the general
action functional on A(E)× Γ(E) is defined as
ID˜ ≡ Ifermionic( ∇˜E , ψ) + Ibosonic(∇˜E)
:= (ψ, D˜ψ)Γ(E) + resζ( D˜
−2n+2
), (85)
where c(∇˜E) = D˜.
3 Part 2: The Standard Model
In this part of the paper we are concerned with the application of the kit introduced in part 1
concerning the standard model of particle physics. We therefore shall introduce in the following
section an appropriate generalization of the Dirac-Yukawa operator and prove our main theo-
rem. Moreover, we shall discuss some consequences regarding the various parameters involved
in the model.
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3.1 The Dirac-Yukawa operator and the EHYMH-Action
To get started let us give the following
Definition 8: Let E := S ⊗ E be a Clifford module bundle with a twisting graduation (E =
EL ⊕ ER) and denote by12 χ := γ5⊗χE the appropriate grading operator: χ2= 1E , χ∗=χ. A
Dirac operator Dφ is called a (euclidean) Dirac-Yukawa operator if it takes the form
Dφ := D + iγ5 ⊗
(
0 φ˜
φ˜∗ 0
)
,
≡ D + γ5 ⊗ φ (86)
where D is a SDO and φ˜∈Γ(Hom(ER,EL)).
Since the Yukawa coupling (9) geometrically can be considered as defining a particular sec-
tion φ (see below) one may try to naturally generalize the operator (86) in such a way that
it not only defines the fermionic action (8-9) but also yields the bosonic action (10-11). Here,
”naturally” means that the generalization of (86) is determined by those elements only which
already determine the Dirac-Yukawa operator, i.e. by (g, φ,A).
Theorem 1: Let E = S ⊕ E be a twisted Clifford module over M, with E := EL ⊕ ER. The
functional (74) evaluated with respect to the Dirac operator
D˜φ := D + a4Φ+ J
(
a2 c(F
E/S) + a3 c(∇End(E)Φ) + aoΦ2
)
(87)
defined on E˜ :=S⊗E˜ yields
resζ
(
D˜
−2n+2
φ
)
= − trEζ
3 Γ(n−1)
∫
M
∗
{
rM + a′4 trE(zφ
2)
− a′2 trE(zFµνFµν)
+ a′3 trE(z∇µφ∇µφ)
+ a′o trE(zφ
4)
}
, (88)
with
a′o :=
24n(1− 1
2n
)
trEz
a2o,
a′2 :=
24(2n− 3)
trEz
a22,
a′3 :=
24(n− 1)
trEz
a23,
a′4 :=
12
trEz
a24. (89)
12Later we shall be mostly interested in the case n = 2.
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Here, Φ := γ5⊗φ and F ∈ Ω2(M, ρ′(G)) is the Yang-Mills curvature, induced by the gauge
potential A in the definition of the SDO D∈D(E). The covariant derivative ∇φ is defined with
respect to the adjoint representation of G, where the φ sits in13. The a’s denote arbitrary (com-
plex) constants. The structure group G is assumed to act on E˜ := E⊕E via the representation
ρ˜ := ρ⊕ρ, and the automorphism E˜ J−→E˜ denotes the corresponding ”complex structure” on E˜.
Moreover, we have used the canonical identification
A + J (B) =
(
A −B
B A
)
(90)
for all A,B ∈ End(E). Note, in what follows we do not distinguish between the Clifford ac-
tion c on the Clifford module E and the corresponding action c˜ := c⊕c on the (canonically)
induced Clifford module E˜ . Likewise, we do not distinguish between the representation ρ and ρ˜.
Consequently, if the constant a3 is purely imaginary and the other constants are real, the
functional (74) with respect to the generalized Dirac-Yukawa operator (87), becomes propor-
tional to the Einstein-Hilbert-Yang-Mills-Higgs action (EHYMH) of the standard model. More-
over, if one considers ”diagonal sections”: ψ˜ := (ψ, ψ), ψ ∈Γ(E) only, the fermionic functional
in (85) becomes proportional to the Dirac-Yukawa action. Note, in (85) there is still a length
scale missing because the fields do not yet have the right dimensions. This will be discussed in
the next section where we shall consider some constraints of our approach to the standard model.
Remark 7: The (euclidean) Dirac-Yukawa operator (86), is uniquely defined by the Clifford
superconnection
∇ E := ∇E + ǫ,
ǫ := in ∗φ (91)
on E, where we have used the fact that the grading operator γ5 of the spinor bundle S is pro-
portional to the volume form on M. More precisely, we have c(in ∗1)=γ5 ⊗ 1E∈Γ(End+(E)).
Hence, the (euclidean) Dirac-Yukawa operator is determined by a 1-form (gauge potential)
and the 2n-form in (91). In four dimensions, however, the most general Dirac operator in
addition depends on a zero form, a two form and a three form. By considering only those forms
which already determine the Dirac-Yukawa operator (91) naturally yields the following ansatz
∇ E˜ := ∇E + a4 ǫ + J
(
a2 F− a3 ∗∇End(E)(∗ǫ) + ao (∗ǫ)2
)
(92)
on E˜. Note that the forms within the brackets are even with respect to the total degree and
hence J (· · ·) becomes odd (c.f. also the final section.). It is easily checked that
D˜∇ E˜ = D˜φ (93)
13I.e. the corresponding equivariant section φ¯ ∈ Γeq(P ,End(V )) fulfils: φ¯(pg) = ρ∗(g)φ¯(p)ρ(g), ∀ p ∈
P , g∈G.
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with ∇ E˜ :=∇S⊗1E+1S⊗∇ E˜.
There are two interesting choices for the constants ak so that (87) takes a particularly nice
geometric form: First, the most natural choice is ak≡ 1, ∀ k=0, 2 · · ·4. In this case the Dirac
operator (87) reads
D˜φ = c(∇E + Φ) + J
(
c(R∇˜ E )
)
=: c(∇˜ E) + J
(
c(R∇˜ E )
)
= Dφ + J
(
c(R∇˜ E )
)
≡ D∇˜ E˜ (94)
with the ”super relative curvature” R∇˜ E :=(∇˜
E
)2 − (∇S)2⊗1E.
However, there is still another nice choice: ao = a3 := (1− 12n), a2 = a4 := 1; in this case the
generalization (87) of the Dirac-Yukawa operator (86) reads
D˜φ = c(∇E + ωφ) + J
(
c(FE/S + d∇
E
ωφ + ωφ ∧ ωφ)
)
=: c( ∇˜E ) + J (c(R∇˜E ))
= Dφ + J (c(R∇˜E ))
≡ D∇˜E˜ , (95)
with the ”Higgs-form” ωφ :=δξΦ∈Ω1(M,End+(E) ) and the relative curvature R∇˜E :=(∇˜E)2−
(∇S)2⊗1E. Because of
D∇˜ E˜ − D∇˜E˜ =
1
2n
J
(
c(R∇˜ E − FE/S)
)
, (96)
the Dirac operators D∇˜ E˜ , D∇˜E˜ , however, are different. Therefore, strictly speaking, the defini-
tion (87) gives a whole class of Dirac operators, parametrized by the constants ao, . . . , a4, and
which all yielding (88).
After this remark let us turn to the proof of the theorem.
Proof: Clearly, to prove this theorem we just have to calculate the endomorphism (47) with
respect to the Dirac operator (87). This tedious but straightforward calculation can most easily
be achieved using the local form of (47):
F ∇˜E˜ = 1
4
rM1E˜ +
1
2
γµν ⊗ Fµν
+ 1
2
[γµ[ωµ, γ
ν ], ων ] + γ
µν(′∇µων)− 12 γµ[(′∇νωµ), γν ]
+ 1
2
γµν [ωµ, ων ] +
1
4
gµνγ
α[ωα, γ
µ]γβ[ωβ, γ
ν ], (97)
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where C(M)
C
γ−→End(S) denotes the (chiral) representation of the complexified Clifford algebra
and γµ ≡ cγ(eµ) with {eµ}1≤µ≤2n a local frame in T ∗M. Also we use the shorthand notation
γµν :=[γµ, γν ]/2. Moreover, F is the curvature on E, associated to the connection form A. The
connection ∇˜E˜ ∈A(E˜) denotes any representative of the corresponding class defining the Dirac
operator (87) and ω := ∇˜E˜−∇E˜ , with ∇E˜ ∈ ACl(E˜) arbitrarily chosen, and ′∇µ denotes the
covariant derivative induced by this Clifford connection on End(E˜).
In particular, we may choose ∇˜E˜ such that
ω := ωo + ω2 + ω3 + ω4 with
ωo := ao δξJ (Φ2),
ω2 := a2 e
µ ⊗ γν ⊗J (Fµν),
ω3 := a3 J (∇Φ),
ω4 := a4 δξ(Φ). (98)
Note, we have already omitted ω1 :=ωS⊗1E + 1S⊗A, which would change the Clifford connec-
tion ∇E˜ only and not the functional (88) by corollary 1. The main advantage of the local form
(97) is that the whole calculation becomes purely algorithmic. Moreover, because of the trace
trE˜ in (77) one only has to calculate the last four terms in (97). For the same reason most of
the terms to be calculated will drop out. Indeed, using (98), it is easily checked that the two
derivative terms in (97), actually, do not contribute to the functional (74). Hence, all it is left
to be done is to calculate the last two quadratic terms in (97) up to ”traceless” contributions.
This calculation becomes even more simplified by the
Remark 9: Let Ej , j=1, 2 be two Clifford modules over M with the appropriate actions cj .
Then, (E , c) with E :=E1⊕E1 and c :=c1⊕ c2 is also a Clifford module. The most general Dirac
operator on this Clifford module takes the form
D˜ =
(
D˜1 A12
A21 D˜2
)
, (99)
where, respectively, D˜j ∈D(Ej), j=1, 2, A12 ∈Γ(Hom(E2, E1)) and A21 ∈Γ(Hom(E1, E2)). The
Wodzicki residue of D˜
−2n+2
is such that there are no terms ”mixing the diagonal with the
off-diagonal”, c.f. [10].
As a consequence, in calculating the corresponding quadradic terms of (97), products of the
generic form ω4ωk, k=0, · · · , 3 may be omitted as well. As a result we end up with
1
2
γµν [ωµ, ων ] = a
2
o (1− 12n)Φ4
+ a22 evg
(
FE/S
2)
+ a24 (1− 12n)Φ2 (100)
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and
1
4
gµνγ
α[ωα, γ
µ]γβ[ωβ, γ
ν ] = 2na2o (1− 12n)2Φ4
+ (5− 4n) a22 evg
(
FE/S
2)
+ 2(n− 1) a23 evg((∇End(E)Φ)2 )
+
1
2n
a24Φ
2. (101)
Note that both equalities hold up only to traceless terms! Finally, if we put all together, the
theorem is proven.
To summarize: we have introduced a certain Dirac operator (87), generalizing the Dirac-
Yukawa operator (86), such that the functional (74) looks like that of the bosonic action of
the standard model with gravity including. This result is independent of the specific structure
group G and its appropriate (fermionic) representation. To get in touch with physics, however,
we also have to specify the pair (G, ρ). In other words, we have to define the generalized Dirac
operator of the standard model.
3.2 The generalized Dirac-Yukawa operator of the standard model
To begin with, we give the following
Definition 9: Let E be a twisted spinor bundle, so that E = EL⊕ER. We call
(G, ρ, D) (102)
the generalized Dirac-Yukawa operator of the standard model provided the structure group G
takes the form
G := SU(3)× SU(2)×U(1) (103)
and has the (fermionic) representation ρ :=ρL ⊕ ρR : G→ Aut(V ),
ρL(c,w, b) :=

 c⊗ 1N ⊗w b
q
L 0
0 1N ⊗w blL

 , (104)
ρR(c,w, b) :=

 c⊗ 1N ⊗B
q
R 0
0 BlR

 , (105)
on the typical fiber
V := VL ⊕ VR (106)
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≃
[
(C6Nq ⊕ C2Nl )
]
L
⊕
[
(C3N ⊕ C3N)q ⊕ CNl
]
R
(107)
≃ C8NL ⊕ C7NR . (108)
Moreover, the Dirac operator
D := D˜φ (109)
is the generalized Dirac-Yukawa operator (87), where the homomorphism φ˜∈Γ(Hom(ER,EL))
is defined by
φ˜ :=

13 ⊗ (g
′q
y ⊗ ϕ, gqy ⊗ ǫϕ) 0
0 gly ⊗ ϕ

 (110)
≡
(
13 ⊗ ϕ˜q 0
0 ϕ˜l
)
. (111)
Here, respectively, g′qy , g
q
y ∈MN(C) denote the matrices of the Yukawa coupling constants for
quarks of electrical charge -1/3 and 2/3 (i.e. of quarks of ”d”-type, and of ”u”-type) and
gly ∈ MN(C) is the matrix of the Yukawa coupling constants for the leptons of charge -1 (i.e.
of leptons of ”electron” type). While gqy and g
l
y can be assumed to be diagonal and real, the
matrix g′qy is related to the Kobayashi-Maskawa matrix and therefore is neither diagonal nor
real. The ”weak hypercharges” for the left and right handed quarks (indicated by the subscript
”q”) and leptons (subscipt ”l”) are defined by: ρ(b) := eiyθ, b ∈ U(1), y ∈ Q, θ ∈ [0, 2π[ (c.f.
the introduction). Then the two by two diagonal matrices BqR and B
l
R in the definition (105)
are: BqR := diag(b
d′
R , b
u
R) and B
l
R := b
l
R1N. In (110), ϕ denotes a section into a rank two sub-
bundle Eh of the vector bundle E and carries the defining representation ρh of the electroweak
subgroup Gh :=SU(2)×U(1) of the structur group G. I.e., when ϕ is considered as an element
of Γeq(P,V) it transforms like ϕ(pg) = ρh(g)∗ϕ(p) with g := (w, b) ∈ Gh=SU(2) × U(1) and
ρh(w, b) := w e
iyhθ. Finally, ǫ is the anti-diagonal matrix ǫ :=
(
0 1
−1 0
)
and ϕ here means the
complex conjugate of ϕ.
Hence, the Higgs field ϕ defines an element Φ in Ω0(M,End−(E)) and thus a Dirac-Yukawa
operator (86). Of course, the particular form of φ˜ in (110) is such that Φ gives the correct
Yukawa coupling term (9) in the definition of the fermionic action of the standard model.
However, since the section φ ∈ Γ(End−(E)) transforms with respect to the (ρ-induced) adjoint
representation of G it follows that the hypercharge yh of the Higgs field and, respectively, the
hypercharges ylL, y
l
R of the left and right handed leptons and the hypercharges y
q
L, y
d′
R , y
u
R of the
left and right handed quarks must satisfy the following well-known relations
yh = y
l
L − ylR
= yqL − yd
′
R
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= yuR − yqL. (112)
In other words, when the Yukawa coupling is of the form as defined by (9) the corresponding
hypercharges are not all independent but have to satisfy the relations (112). Moreover, since
we know the electrical charge of the particles, the numerical values of the ”y′s” are fixed:
(yqL, y
l
L) = (1/6,−1/2), (113)
( (yd
′
R , y
u
R), y
l
R) = ( (−1/3, 2/3), −1). (114)
This is a consequence of the generalized Gell-Mann-Nishijima relation
Q = T3 +Y, (115)
where {iT3 :=ρ′( (i τ 3)/2), iY :=ρ′(i)} is a basis of the maximal Cartan subalgebra of ρ′(su(2)⊕
u(1) ), so that iQ generates the residual structure group - in more physical terms the ”electro-
magnetic gauge group”14
Uelm(1) ⊂ SU(2)× U(1) (116)
in the fermionic representation ρ after the mechanism of spontanous symmetry breaking is es-
tablished. To make the latter more precise mathematically, let us remember how the notion of
spontaneous symmetry breaking can be geometrically rephrased in terms of the reduction of a
G-principal bundle, c.f. [23], [24].
Let therefore H ⊂ G be a Lie-subgroup of G and, respectively, PG and PH be the (total
spaces of the) corresponding principal bundles over the same base manifold M. Then, PH is
called an H-reduction of PG iff PH⊂PG is a submanifold, so that the injection PH →֒ PG is a
bundle homomorphism. A necessary and sufficient condition for a G-principal bundle P to be
H-reducible is that the P−associated fiber bundle PG/H→M, with typical fiber G/H, admits
a global section.
Definition 10: A solution (g, A, ϕ,Ψ) of the Euler-Lagrange equations corresponding to the
functional (12) is called a classical vacuum iff g is flat, A = Ψ = 0 and the Higgs field ϕ = ϕo
minimizes the Higgs potential
V : Γ(Eh) −→ R,
V ′|ϕ=ϕo = 0. (117)
Here, Eh denotes the (total space of the) bundle where the Higgs field lives in (see below) and,
in principle, V may be any gauge invariant polynomial of order less or equal then four of the
14As usual we use {Ek}1≤k≤12 :=
{
(iλa)/2, (i τ b)/2, i
}
1≤a≤8
1≤b≤3
as a basis of su(3)⊕su(2)⊕u(1), where
λa, a=1 . . . 8 denote the Gell-Mann matrices and τ b, b=1 . . . 3 the Pauli matrices.
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Higgs field ϕ. Again, it is assumed that V is bounded from below. Of course, concerning the
standard model, V has its well-known fashion (6).
Then, let us denote by Σ ⊂ Vh the (disjoint union of) orbits of classical vacuums with
respect to the representation ρh that carries the Higgs field ϕ of the structure group Gh. In
the special case of the standard model this group is identified with the ”electroweak gauge
group” SU(2)×U(1) ⊂ G and, correspondingly, Eh := P×ρh Vh ⊂ E denotes the rank two
subbundle describing, geometrically, the Higgs sector of the standard model. In the so-called
”minimal version” of the standard model the typical fiber is Vh ≃ C2. Note that in the usual
(non-geometrial) description of the standard model the fermion representation ρ, defined by
(104-108), and the Higgs representation ρh are completely independent. Let us denote by
I(ϕo) ⊂ ρh(Gh) ⊂ End(Vh) the isotropy group associated with a choosen classical vacuum
ϕo ∈ Σ′ ⊂ Σ, connected. Up to conjungation this isotropy group can be identified with some
Lie-subgroup H of Gh and we have Σ
′ ≃ ( ρh(Gh)/ρh(H) ). Therefore, ϕo considered as an el-
ement in Γeq(Ph,Vh) uniquely induces a section (also denoted by ϕo) M ϕo−→Ph/H. In other
words, from a geometrical point of view a necessary condition for a (classical) vaccum to exist
is that the Gh−bundle must be H-reducible, where the Lie-subgroup H ⊂ Gh is identified with
the isotropy group of some choosen Higgs field ϕo, minimizing the Higgs potential V .
Definition 11: The gauge symmetry is called spontaneously broken by the (classical) vacuum,
represented by ϕo, iff H⊂Gh is a proper subgroup.
Note that the H-reduction of Ph is only necessary but not sufficient for ϕo to represent a
classical vacuum. It is also required that Ph posseses a flat connection. In the particular case
of the (minimal) standard model we obtain: Σ = {ρh(w, b)ϕo} ∐ {0}, with ϕo := (0, v/√2)T ,
v :=
√
µ2/λ ∈ R and (w, b) ∈ Gh = SU(2)×U(1). Then, the isotropy group associated with the
non-trivial ϕo is generated by the anti-hermitian operator iQ, and the corresponding residual
structure group H can be identified with Uelm(1), c.f. (115-116). Actually, the full residual
structure group (”little group”) of the standard model reads
H = SU(3)× Uelm(1), (118)
since the structure group G is given by (103).
Consequently, assuming that P≡PG is H-reducible and ϕo represents an appropriate (non-
trivial) classical vacuum of the standard model the section D∈Ω0(M,End−(E)), defined by
D ≡ φo
:= φ|ϕ=ϕo
=: i
(
0 M
M∗ 0
)
, (119)
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is H-invariant and thus well-defined on the reduced bundle. Fixing the gauge so that ϕo =
(0,v/
√
2)T (”unitary gauge”) we may further write
M ≡
(
13 ⊗Mq 0
0 Ml
)
, with
Mq =
(
0 md
′
mu 0
)
, (120)
Ml =
(
0
ml
)
, (121)
where, respectively, the matrices ml := v√
2
gly ∈MN(C) and mu := v√2 gqy ∈MN(C) denote the
”mass matrices” of the charged leptons (l) and quarks (q) of ”u-type”. They can be as-
sumed to be diagonal and real. The corresponding N×N matrix md′ := v√
2
g′qy of ”d-type”
quarks is neither diagonal nor real. It is related to the mass matrix of ”d-type” quarks
md = diag(md1 , . . . , mdN), mdk ∈R, k=1, . . . ,N via the Kobayashi-Maskawa matrix V∈U(N):
md
′
=VmdV∗.
Obviously, M denotes the fermionic mass matrix and we have recovered the ”internal Dirac
operator” D of the Connes-Lott approach to the standard model, c.f. [3] and the corresponding
references therein. Again, we stress that D minimizes the Higgs potential V but represents a
classical vacuum only if PH (and thus P) posesses a flat connection, c.f. [24].
As we have already mentioned, in the usual approach to the standard model the represen-
tation ρh of the Higgs field ϕ is independent of the fermionic representation ρf as defined by
(104-108). However, to be consistent one has to impose the relations (112) to the hypercharges.
That these relations are not accidentally and, actually, must not be chosen by hand follows
from the Dirac-Yukawa operator of the standard model:
(G, ρ, Dφ), (122)
with (G, ρ ≡ ρf) like in (103-108) and Dφ defined by (110). In other words: whenever one
starts with (122) the representation of the Higgs field must be contained in the fermionic
representation and then the relations between the hypercharge of the Higgs field and those of
the corresponding fermions are fixed. If this does not hold, the Yukawa-coupling (9) would not
define a generalized Dirac-operator.
We now turn to the consequences as implied by the generalization (G, ρ, D˜φ) of (122). We
therefore compare the functional (88), derived from the generalized Dirac-Yukawa operator
(87), with the corresponding bosonic action of the standard model. Before we can do this,
however, we still have to give the various fields involved in the model their right dimensions,
i.e., we first have to introduce an arbitrary length scale ”l”. Also, we may choose to introduce
a second endomorphism φ′ on E in order to define the ”off-diagonal” of (87). This additional
endomorphism is defined by (110), but with the Yukawa-coupling matrices, g′qy , g
q
y, g
l
y replaced
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by arbitrary matricesΛ′q, Λq, Λl of the corresponding size. This freedom arises from the fact that
the form of the functional (88) does not change by this replacement and that the off-diagonal
of D˜φ does not act on the fermions Ψ, giving the matrices gy their physical interpretation
15.
Note that this freedom is crucial for the definition of the mass matrix of the gauge bosons, see
below. Moreover, without loss of generality we may assume that φ′ is hermitian, so that all the
constants ”a” are real, c.f. (89). With these replacements the ”bosonic part” of the universal
functional (85) reads
Ibosonic = IEH + α2
∫
M
trE(zF ∧ ∗F ) (123)
+ α3
∫
M
trE(z (∇φ′)∗ ∧ ∗(∇φ′) ) (124)
− α4
∫
M
∗trE(zφ∗φ) (125)
+ αo
∫
M
∗trE(z (φ′∗φ′)2 ) (126)
with the constants
αo :=
3n(1− 1
2n
)
2π trEz
(
l
lp
)2
a2o, (127)
α2 :=
3(2n− 3)
π trEz
(
l
lp
)2
a22, (128)
α3 :=
3(n− 1)
2π trEz
(
l
lp
)2
a23, (129)
α4 :=
3
4π trEz
m2p a
2
4. (130)
Here, z is considered as an element of Γeq(P,End(V)) that lies in the commutant (76) and
satisfies:
[z, χE] = [z, φ] = [z, φ′] = 0, (131)
as well as z > 0.
Since we use our units so that c= ~=1 we have identified Newtons gravitational constant
G with the (square of the) ”Planck length” lp≡m−1p . Moreover, we already have normalized
the Einstein-Hilbert functional IEH so that
IEH = 116pi l2p
∫
M
∗rM. (132)
15At least, when one restricts oneself to diagonal sections: Ψ˜ = (Ψ,Ψ) ∈ Γ(E˜). The more general
case of non-diagonal sections will be discussed in a future paper, when also further phenomenological
consequences of our model and a physical interpretation of the doubling of the ”internal freedoms”:
E→ E˜=E⊕E are considered, c.f. our remarks at the end of this paper.
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The corresponding normalized fermionic action reads16
Ifermionic =
∫
M
∗(Ψ, iDΨ)E (133)
a4
∫
M
∗(Ψ, iΦΨ)E , (134)
with Φ defined by (110) and D a SDO. Note that only the constant α4 carries a dimension.
We now can compare the derived functionals (123-126) and (133-134) with the corresponding
bosonic and fermionic action functionals of the standard model
IEHYMH := 116pil2p
∫
M
∗rM (135)
+
∫
M
∗
{
1
2
tr(CµνC
µν) + 1
2
tr(WµνW
µν) + 1
4
BµνB
µν
}
(136)
+
∫
M
∗(∇µϕ)∗(∇µϕ) (137)
+
∫
M
∗
[
λ(ϕ∗ϕ)2 − µ2ϕ∗ϕ
]
(138)
and
IDY =
∫
M
∗(Ψ, iγµ∇µΨ)E (139)
+
∫
M
∗(Ψ, iΦΨ)E . (140)
Here, respectively,
Cµν := ∂µCν − ∂νCµ + ig(3) [Cµ,Cν ],
Wµν := ∂µWν − ∂νWµ + ig(2) [Wµ,Wν ],
Bµν := ∂µBν − ∂νBµ (141)
denote the su(3), su(2) and u(1) valued curvatures with respect to a local coordinate system
and in the fundamental representation. Moreover, the covariant derivatives, acting on the Higgs
field ϕ and on the fermions Ψ, are locally defined as
∇µ ϕ := (∂µ + ig(2)W bµ τ b
2
+ ig(1)yhBµ)ϕ, (142)
∇µΨ := (∂µ + ig(3) Caµ 1S ⊗ Fa + ig(2)W bµ 1S ⊗Tb + ig(1)Bµ 1S ⊗Y)Ψ, (143)
where again (g(3), g(2), g(1)) are the coupling constants and {iFa, iTb, iY} 1≤a≤8
1≤b≤3
denote the gen-
erators of ρ(SU(3) × SU(2) × U(1)); λ, µ2 > 0 are the positive real constants, parametrizing
the classical vacuum. Note that the curvatures (141) are hermitian.
16Again, when restricted to diagonal sections.
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Lemma 6: The derived functionals (123-126) and (133-134) are identical with the bosonic and
fermionic action functionals of the standard model (135-140), iff the following relations hold:
Nα2 g
2
(1) =
1
2(3yqλq + ylλl)
, (144)
Nα2 g
2
(2) =
1
(3λq + λl)
, (145)
Nα2 g
2
(3) =
1
4λq
, (146)
and
2αo
[
3λq tr(Λ
∗
qΛq)
2 + λl tr(Λ
∗
lΛl)
2
]
= λ, (147)
2α3
[
3λq trΛ
∗
qΛq + λl trΛ
∗
lΛl
]
= 1, (148)
2α4
[
3λq trg
∗
qgq + λl trg
∗
l gl
]
= µ2, (149)
a4 = 1 (150)
with the abbreviations
yq := 2(y
q
L)
2 + (yd
′
R )
2 + (yd
′
R )
2 ∈ R+,
yl := 2(y
l
L)
2 + (ylR)
2 ∈ R+,
Λq := (Λ
′q,Λq) ∈M2N×N(C),
gq := (g
′q, gq) ∈M2N×N(C),
Λl := Λ
l ∈MN(C),
gl := g
l ∈MN(R). (151)
Proof: The proof of this lemma mainly consists in determining z of the commutant, yielding
z =
(
zL 0
0 zR
)
, (152)
zL :=
(
λq 16N 0
0 λl 12N
)
(153)
zR :=
(
λq 16N 0
0 λl 1N
)
, (154)
with λq, λl ∈ R+. Then, rewriting the functionals (123-126) into the form (135-138) gives the
desired relations. Clearly, the relation for a4 simply follows by direct comparison of the corre-
sponding fermionic functionals.
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Remark 10: Note that we still have one more free parameter, α say, to introduce in our model
kit and to write instead of (85)
ID˜ = (ψ, D˜ψ)Γ(E) + α resζ( D˜
−2n+2
).
Of course, this additional parameter indicates that in the definition of the universal action (2)
the fermionic and the bosonic action functionals are considered as independently of each other.
Alternatively, one may put α ≡ 1 and then rescale both functionals independently (although we
only have one over all constant!). This is what we did, actually, to obtain (132) and (133-134).
Note that the right normalization of (124) crucially depends on the relations (112), which the
hypercharges have to satisfy. Also note, the reason that each generation of quarks and each
generation of leptons is equally weighted by the corresponding two constants λq and λl, re-
spectively, is a consequence of the arbitrariness of the matrices Λ used in the definition of the
endomorphism φ′.
The derived relations (144-150) can be related to physically measureable parameters. First,
we have
Lemma 7: The ”electroweak angle” θW has the range
0.25 ≤ sin2 θW ≤ 0.45 . (155)
Proof: By definition, the electroweak angle θW measures the portion of electromagnetism to
weak force:
sin θW :=
||T3||
||Q|| . (156)
The norm || . ||, used here is defined with respect to the ”su(N) normalization”: κ(Ea,Eb) :=
1
2g2N
δab, where {Ea}1≤a≤dim su(N) denotes an appropriate basis in the fundamental representation
of su(N), N ≥ 2. To explain this more mathematically, we remind of the fact that the general
Killing form κ˜ on a simple Lie algebra G may be written as κ˜(a, b) = λ
g2
(ρ′(a), ρ′(b) ) ∀a, b ∈ G,
where (., .) denotes any ad-invariant scalar product on ρ′(G) ⊂ End(V) with representation
G ρ′−→End(V). Here, the constant λ depends on the scalar product and g is an arbitrarily
positive constant, parametrizing the scalar product. This holds true also when G is semi-simple.
However, the constant g - the ”coupling constant” in physical terms - may be chosen differently
for each simple component. Without loss of generality we can assume that λ (ρ′(Ea), ρ′(Eb) ) =
δab to obtain the well-known formula
sin2 θW =
g2(1)
g2(1) + g
2
(2)
(157)
for the electroweak angle. Hence,
sin2 θW =
λl + 3λq
(1 + 2yl)λl + 3(1 + 2yq)λq
. (158)
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The range (155) then follows by the appropriate numerical values (113-114) of the hypercharges.
Remark 11: Since all norms proportional to each other give the same sin θW we may choose,
alternatively, (ρ′(a), ρ′(b) ) := tr(zρ′(a)∗, ρ′(b)) to define the norm in (156). Hence,
sin2 θW =
(T3,T3)
(Q,Q)
(159)
which, again, leads to (158). In this form, however, it becomes evident how the range (155)
does depend on the generalized Dirac-Yukawa Operator of the standard model, namely just by
fixing the commutant.
The analog holds true for the ratio g2(2)/g
2
(3) of the weak and strong coupling constants,
yielding
g2(2)/g
2
(3) =
4λq
3λq + λl
. (160)
Note that when we disregarded the possibility to introduce the element ζ in the definition of
the bosonic action functional (74), the relations (158) and (160) were just a consequence of the
fermionic representation ρ used in the derived Yang-Mills action. Obviously, the same holds
true in the case of λq=λl, giving the ”GUT-preferred” numerical values:
sin2 θW = 3/8,
g(3) = g(2). (161)
On the today enery scale, however, λq ≪ λl seems to be preferred, c.f. [2]. Hence, g(2) ≪ g(3),
which might be expected, intuitively.
A more model specific relation may be obtaind concerning the ratio mh/mw of the ”Higgs
mass” and the ”W-boson mass” of the electroweak interaction. By definition, having fixed a
(classical) vacuum ϕo ∈ Σ, the masses of the gauge bosons are given by the quadratic form
Ω1(M, ρ′h(G)) M
2−→ C∞(M)
α 7→ 1
2
M2ab ∗(αa ∧ ∗αb), (162)
with M2ab := ϕ
∗
o [ρ
′
h(Ea), ρ
′
h(Eb)]+ ϕo and [ . , . ]+ the anti-commutator; {Ea}1≤a≤dimG is a basis
in the (semi-simple) Lie algebra G of the structure group G, so that α= αa⊗ρ′h(Ea). In the
unitary gauge: ϕo=(0, v/
√
2)T we get m2w = g
2
(2)v
2/4.
The mass (matrix) of the Higgs field is defined with respect to the quadratic form:
Γ(Eh)
M2
h−→ C∞(M)
h 7→ 1
2
(h , V ′′|ϕ=ϕoh)Eh, (163)
with h := ϕ−ϕo and ( . , . )Eh the induced scalar product on the subbundle Eh ⊂ E. In the
unitary gauge this yields: m2h = 2λ v
2.
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Consequently, using (147) and (149) we end up with
m2h
m2w
=
4(2n− 1)(2n− 3)
Nπ2
(
l
lp
)4
3λq + λl
(4λq + λl)2
(3λqΛ
4
q + λlΛ
4
l )(a0a2)
2, (164)
with the abbreviation: Λ4 := tr(Λ∗Λ)2. Some further investigations similar to those in [25]
are needed in order to find out whether there are sufficiently enough relations between the
unknowns on the righthand side of (164) determining a range where the Higgs mass has to lie
in.
We finish this section by considering the special case of Λ ≡ g, yielding the following
Lemma 8: Let φ′ = −iφ as defined by (110). Then the mass squared of the Higgs field and of
the W-boson reads
m2h =
2(2n− 1)
(n− 1)
(
a0
a3
)2 3M4q +M4l
3M2q +M
2
l
, (165)
m2w =
(n− 1)
2(2n− 3)N
(
a3
a2
)2 3M2q +M2l
3λq + λl
(166)
with M2q := tr(λqm
∗
qmq) and M
2
l := tr(λlm
∗
lml)
17. Here, we used the abbreviation m∗qmq ≡
m∗dmd + m
∗
umu and λq := λq1N, λl = diag(λl1 , . . . , λlN) ∈ MN(R). Correspondingly, λq :=
trλq/N, as before; However, λl := trλl/N. Note that by the commutant all irreducible sub-
spaces of the fermionic representation space V are now independently weighted. Because of the
Kobayashi-Maskawa matrix the quark sector is considered as irreducible.
Proof: Since m2h = 2λ v
2 we have with (147)
m2h = 16α0
3M4q +M
4
l
v2
; (167)
The relation (148) then implies (165). With
l2 =
1
2(2n− 1)
(
1
a0
)2 3M2q +M2l
3M4q +M
4
l
, and (168)
v2 =
(n− 1)
π(2n− 1)N
(
a3
a0
)2 (3M2q +M2l )2
3M4q +M
4
l
m2p
4λq + λl
(169)
an analogous calculation yields (166).
Note that in the two geometrically distinguished cases where either the Higgs field defines
a certain supercurvature or a certain differential form, the Higgs-form ωφ, as discussed in (94-
95), the Higgs mass is determined by the mass of the fermions, and its range depends on the
17Note, by abuse of notation M4 ≡ tr(λ(m∗m)2 )
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weights of all the irreducible subspaces of the fermionic representation. In this sense the pa-
rameter ”Higgs-mass” in the standard model may be considered as derived from the generalized
Dirac-Yukawa operator of the standard model. Clearly, the same holds for all other (possible)
derivable relations between physical parameters. We stress that the commutant in the defi-
nition of the bosonic functional (85) is motivated mainly by the fact that absolute values of
the physical parameters, like the masses or charges of the particles involved, are of no physi-
cal significance. In this sense the generalization (74) becomes very plausible. Again, one has
to take into account that the parameters defining the commutant are scale dependent in general.
4 Outlook
To summarize: In this paper we have introduced a particular geometrical model building kit
based on the notion of generalized Dirac operators, considered as a triple (G, ρ, D). Corre-
spondingly, the geometrical setting is given by a Clifford module bundle (E , c) over a (closed,
compact) Riemannian (spin-) manifold (M, g) of even dimension 2n > 2. Within this geomet-
rical frame we proposed the universal functional
ID := (Ψ, iDΨ)Γ(E) + resζ( D−2n+2) (170)
on Γ(E)×A(E), D∇ = D, generalizing the classical action functional of the standard model.
Indeed, we have shown how the action functional of the standard model - with the gravity
action including - can be derived from a generalization of the Dirac-Yukawa operator. For this
we have introduced a certain class of Dirac operators, parametrized by some constants. Two
particular choices of these constants are distinguished geometrically. In particular, we have
shown that the structure of the Yukawa coupling is such that it naturally defines a certain one
form ωφ :=δξΦ on a twisted Clifford module bundle E (the Higgs-form) and hence a particular
connection thereof. Using this connection to define a certain Dirac operator and then evaluate
the proposed functional (85) (with respect to diagonal sections) one obtains the full action
of the standard model. Having derived the action we have shown how the free parameters
of the model are linked to physical quantities like masses and charges of the various fields
involved. Depending on the number of independent parameters of the model this may then
lead to non-trivial relations between the physical quantities. For a special case we derived a
relation between the mass of the Higgs field and the masses of the fermions.
The basic idea is that the fermionic interactions determine the dynamics of all the fields
involved in the theory. In the case of the standard model the fermionic interaction is defined
with respect to the Yukawa-coupling (besides the gauge covariant coupling), giving rise to a
non-standard Dirac operator - the Dirac-Yukawa operator. Here, ”non-standard” means that
the appropriate class of connections, defining the Dirac operator in question, does not contain a
Clifford connection as a representative and thus indicating that the basic geometrical setting is
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that of a Clifford module bundle instead of the particular case of a twisted spinor bundle. Indeed
according to the Higgs form, the tensor product structur of the Clifford module is ignored. In
contrast to mathematical applications, where mainly SDOs are of interest, in physics non-SDOs
seem to play a dominant role. Let us assume that all particles are massless. In this case the
fermionic interaction is described by a gauge potential. Accordingly, the corresponding Dirac
operator D is a SDO. However, in our scheme one has to consider not this operator but, instead,
D˜ :=D + J (c(F )), where F is the relative curvature (in this case the twisting curvature) on
the Clifford module bundle E . Clearly, this new Dirac operator D˜ on E˜ is non-standard.
Evaluation of the functional (85) with respect to this operator leads to the Einstein-Hilbert-
Yang-Mills action and hence the description of the full dynamics of the physical system under
consideration, c.f. [10]. Therefore, although in the case where the dynamics of the fermions
are described by a SDO it seems to be more natural, actually, to consider the non-SDO D˜,
describing the full dynamics. As a consequence of this scheme, however, one neccessarly has to
double the ”internal degrees of freedom” of the fermions: E→ E˜ :=E⊕E. Moreover, both parts
have to carry the same fermionic representation. Note that this doubling may be described,
geometrically, as the pullback bundle △∗(E×E) of E×E→M×M with respect to the diagonal
mapM∋ x △−→(x, x)∈ M×M. The latter may be identified withM×{±1} and thus, implicitly,
also a doubling of spacetime is involved in our scheme. Since this construction is fundamental
we are left to interpret this doubling physically (c.f. dicussion below).
With respect to the standard model, our model building kit somehow parallels the Connes-
Lott approach. In fact, both approaches yield analogous results concerning the relations be-
tween the various parameters of the models. It therefore might be worth comparing both
approaches, though the general mathematical frame work is quite different and there is no
doubt that from a mathematical point of view, Connes’ non-commutativ geometry is much
more indepth, c.f. [4], [7] and [8] for a good review. Obviously, both kits have in common
that the basic building block are Dirac operators. In the Connes-Lott scheme it is the internal
Dirac operator D and in the kit proposed here it is the Dirac-Yukawa operator Dφ. As al-
ready mentioned in the introduction the basic ideas of our model and, especially, the approach
of considering the Yukawa-coupling as the fundamental input to derive the bosonic action of
the standard model with gravity including was already proposed in [21]18. Indeed, also in the
Chamseddine-Connes scheme the Dirac-Yukawa operator is considered as the main ingredient,
c.f. [9], [13]. In this scheme the universal action is defined by the heat trace in contrast to the
original Connes-Lott description of the standard model, where the action was defined via the
Dixmier trace (c.f. the corresponding remarks in the introduction). Concerning the standard
model, in the Chamseddine-Connes approach one has to consider all Seeley-deWitt coefficients
at least up to order four in the asymptotic expansion of the heat trace since the heat kernel
is defined with respect to the Dirac-Yukawa operator Dφ. In our scheme, however, the gen-
18By use of the correct Yukawa coupling (9), the generalized Dirac-Yukawa operator in [21] is of the
form (95) of the paper at hand, and thus gives rise to the EHYMH-action
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eralized Dirac-Yukawa operator D˜φ is considered as the basic Dirac operator. Hence, the full
action of the standard model is given by the subleading term of the asymptotic expansion of
the corresponding heat trace. Note that the latter yields exactly the action of the standard
model, which is not the case in the Chamseddine-Connes scheme. Since in this scheme the
derived action obtaind by the Dirac-Yukawa operator is more general than the action of the
standard model (it also contains the well-known quadratic terms in the curvature of the base
manifold), one obtains more constraints for the parameters involved in the model, c.f. [13].
However, the relations (112) for the weak hypercharges and the relations (158) and (160) for
the electroweak angle and the coupling constants, respectively, are merely a consequence of the
Yukawa coupling (9) and that all fields involved in the model carry the fermionic representation.
Hence to this respect, the Chamseddine-Connes scheme and our kit yield similar results.
The power ”−2n + 2” in the definition of the action ID proposed here is motivated by the
fact that there exists a generalized Dirac operator (in our sense) that gives back the exact action
of the standard model. Infact, σ2 is the only coefficient in the asymptotic expansion of the heat
trace, which is linear in the curvature of the base manifold. Also by formal analogy between the
asymptotic expansion of the heat trace and the asymptotic expansion of the effective action in
quantum field theory one may expect, intuitively that the ”classical action” is covered by the
subleading term, only. As already mentioned, while the bosonic functional (68) was already
considered in [5] and in [19] in the case of the pure gravity action and in [18] from a somewhat
more general perspective, the possibility to also derive the Yang-Mills and Higgs action from
(68) was not taken into account.
If the former is considered as ”facts” we now turn to some ”fictions”. As we have already
mentioned, the price we have to pay for ”adding even terms” to Dirac operators and thereby
changing the emphasis from SDOs to non-SDOs is the additional structure (E˜ ,J ), which we
have to introduce in our model. Of course, this needs some physical interpretation. A physically
satisfying way to understand this additional structure may consist in interpreting the doubling
of the internal degrees of fermionic freedoms by introducing the notion of ”antiparticles” in our
scheme. Hence, we have to incorporate the notion of ”charge conjungation” within our model,
which will be done in a forthcoming paper where we shall also investigate in more detail the
relation (164).
Another point that we have in mind concerns spectral geometry. Since the whole dynamics
of the fields involved in a physical theory should be determined by a single (generalized) Dirac
operator and, moreover, the corresponding fermionic action is proposed - naturally enough - to
take its well-known form, one may ask whether the bosonic action actually can be considered as
”generalizing” the fermionic action. Indeed, it is well-known by physicists that - in a sense - the
bosonic action can be recoverd from the fermionic action by considering the former as a ”one-
loop” correction of the latter. For this, one has to introduce a zeta-regularized determinant
of a certain operator. And this may be the point where spectral geometry comes in. In other
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words, if the bosonic action is considerd as a modification of the fermionic action, like above,
we are left with the mathematical question of how the proposed bosonic action in our model
can be expressed as a zeta-regularized determinant of a Dirac operator. Moreover, as we have
seen, from a geometrical point of view the action functional of the standard model is but
the subleading term of the asymptotic expansion of the heat trace of a certain Hamiltonian.
Therefore, it might be natural to ask whether the higher terms in the expansion permit a
physical interpretation as well. Again, so far this is but fiction. However, it might be worth
investigating these points more carefully in a future paper.
Still quite another point, of course, is concerned with the fact that we are dealing with
Riemannian manifolds instead of Lorentzian manifolds. Hence, the notion of gravity is just
formal. However, our model may be flexible enough to work also in the case when Lorentzian
manifolds are considered. The point here is that also the kernels of differential operators of
”Huygens-type” have an asymptotic expansion like the heat trace of an elliptic operator, c.f.
[27]. Of course, spectral geometry in this case is not so well established, but see, e.g., [26]
and the corresponding references therein. Finally, since the basic geometrical setting of our
model kit is a Clifford module bundle and by the fact that there is a one-to-one correspondence
between Dirac operators and Clifford superconnections, it might be possible to incorporate the
notion of ”supersymmetry” in our scheme. Thus, one may put more emphasis on the ”su-
performalism”, as developed by Quillen et. al., c.f. [11] and [29], [28] in the case of physics.
Concerning our model, this point of view was taken, e.g., in [30].
We finish this paper by a citation, which expresses the feeling of many physicists. We do,
however, hope to have convinced the reader that in fact the contrary holds true:
” . . . this prescription [via the Yukawa-coupling] of the fermion masses is one
of the least satisfactory aspects of the theory [standard model]. It is an
entirely ad hoc procedure . . .”19
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